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HIGHER SYMMETRIES OF THE LAPLACIAN VIA QUANTIZATION 

J.-P. MICHEL 

Abstract. We develop a new approach, based on quantization methods, to study higher 
04 ■ symmetries of invariant differential operators. We focus here on conformally invariant powers 

of the Laplacian over a conformally flat manifold, and recover results of Eastwood, Leistner, 
Cover and Silhan. 

In particular, conformally equivariant quantization establishes a crystal clear correspon- 
P3 ' dence between hamiltonian symmetries of the null geodesic flow and the algebra of higher 

Cu , symmetries of the conformal Laplacian. Resorting to symplectic reduction, this leads to a 

quantization of the minimal nilpotent coadjoint orbit of the conformal group and allows to 
identify the latter algebra of symmetries in terms of the Joseph ideal. By the way, we obtain 
a tangential star-product for a family of coadjoint orbits of the conformal group. 

o 
q 

^ ■ 1. Introduction 

— ' The higher symmetries of a differential operator P are the differential operators Di 

satisfying PDi = D2P for some differential operator D2. They clearly form an algebra and 
pg \ preserve the kernel of P. The first order ones define a Lie algebra g generalizing the invariance 

^ \ Lie algebra of P. The determination of the space of higher symmetries of P, together with its 

algebra and g-module structure, is of interest from at least two point of view: the integrability 



o 



00 ■ of the equation P(j) = 0, with (j) in the source space of P, and the representation theory of the 

. ' g-module kerP. 

^^ . The first example which deserves to be investigated is certainly the conformal (or Yam- 

abe) Laplacian, that we consider on a conformally flat manifold (M, g) of arbitrary signa- 
ture (p, q) and dimension n = p + q. It writes as A = Vj g*-' Vj + jP^^^R, where V is 
the Levi-Civita connection and R the scalar curvature, and it sends A- to jU-densities, with 

K> I A = ^^^, /i = ^^^- On one hand, A(j) = is the most basic wave equation, describing e.g. a 

C^ ' free massless quantum particle on (M, g) . Its integration has been achieved in various con- 

texts resorting to symmetries, and we highlight here only two seminal works. On M^, Boyer, 
Kalnins and Miller have classified all the second order symmetries of the Laplacian [8] , which 
allows them to get all the possible coordinates systems separating the equation Acp = 0. For 
curved but Ricci-flat manifolds. Carter has built up a way to get symmetries, by quantization 
of Killing tensors [11], and has successfully used it to integrate on Kerr space-time the wave 
equation (A -|- m?')(f) = 0, with a massive term tti G M. On the other hand, the first order 
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symmetries of the conformal Laplacian are given by 

A{X + XBwX) = {X + ;uDivX)A, 

where Div is the divergence operator and X € g ~ o{p+l,q+l) is a conformal Kilhng vector. 
This provides a representation of g on ker A which integrates, if M = S*' x S"^ and p + q even, 
to a unitary irreducible representation of the Lie group G = 0{p + 1 , q + 1) [5]. This is the 
intensively studied minimal representation of G, see e.g. [26, 27]. It is linked to the minimal 
nilpotent coadjoint orbit Oqo of G through the Joseph ideal [24], which appears as the kernel 
of the representation of il(g), the universal enveloping algebra of g, on ker A. Nevertheless, 
this representation cannot be obtained via the Kirillov's orbit method [25] since Oqo admits 
no invariant polarization [40]. In the complex setting, the alternative deformation program 
has been applied successfully by Arnal, Benamor and Cahen, which have proved existence 
and uniqueness of a graded g-equivariant star product on regular functions on Oqq [1]. From 
this star product, Astashkevich and Brylinski have built a unitary irreducible representation 
of G'^ [2], but the way to recover the real representation of G on ker A is unclear. 

Resorting to conformal ambient space, Eastwood has been able to determine the space of 
higher symmetries of the conformal Laplacian [18]. The latter corresponds as g-module to the 
space of conformal Killing tensors, which are the Hamiltonian symmetries of the null geodesic 
flow. Besides, as an algebra, it identifies to a quotient il(g)/J of the universal enveloping 
algebra. Surprisingly, this ideal J coincides with the previously mentioned Joseph ideal [17]. 
The correspondence obtained by Eastwood might then be interpreted as a quantization of the 
minimal coadjoint orbit of G. 

Our aim is precisely to prove that the results of Eastwood stem from the now well- 
developed theory of equivariant quantization of cotangent bundles [15, 7, 32, 10], and that 
after a basic symplectic reduction, this quantization provides a supplement to the orbit method 
in the case of the minimal nilpotent coadjoint orbit of G. In particular, it induces on that orbit 
the star product of Arnal, Benamor and Cahen. The present approach can be generalized 
to number of cases, indeed, equivariant quantization is available for any |l|-graded parabolic 
geometry and for differential operators acting on any irreducible natural bundles [10]. To 
illustrate its efficiency, we deal with the determination of higher symmetries of the conformal 
powers of the Laplacian, denoted A^. Thus, we recover recent results of Cover and Silhan 
[23] obtained via tractor calculus and highly non-trivial computations. These are up to our 
knowledge the only cases which have been fully worked out. Let us now detail the content of 
this article. 

In Section 2, we introduce our main tools, namely the classification of conformally in- 
variant operators on symbols [20, 4, 33], the conformally equivariant quantization [15] and 
the induced star product on symbols [14]. 

In Section 3 lies our ffist main result. We characterize the space A ' of higher symmetries 
of A^ and the space /C^ of -f-generalized conformal Killing tensors [34] as kernels of conformally 
invariant operators. Then, we prove that conformally equivariant quantization maps one 
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operator to the other, and then one space to the other. This correspondence can be made 
exphcit, since formulae have been derived for this quantization [16, 31], even in the curved 
case [36, 38]. 

In section 4, we first introduce algebras /C and A'^ generated by g, the Lie algebra of 
conformal vector fields. The spaces of symmetries /C^ and A''^'^ are obtained as quotients 
of the latter. Then, we describe all the coadjoint orbits of G in the image of the moment 
map n : T*W'^^''^^^ — t- g* as symplectic reductions of the source manifold. Their algebras of 
regular functions are determined, and two of them identify to /C and /C^. As a consequence, 
we get an explicit description of the symmetry algebras A ' . In particular, the algebra /C^ 
is associated to the minimal nilpotent coadjoint orbit Oqo ^ind the corresponding symmetry 
algebra ^^'^ of the Laplacian is isomorphic to the universal enveloping algebra of g moded 
out by the Joseph ideal. Finally, we built a star product on each coadjoint orbit in the 
image of fi and discuss the quantization of the nilpotent ones. In particular, the conformally 
equivariant quantization induces the star-product of Arnal, Benamor and Cahen [1] on Oqo 
and furnishes a representation of it on ker A, which integrates into the minimal representation 
of G if M = SP X §« and p + q is even. 

2. Conformal geometry of differential operators and of their symbols 

We introduce in this section the basic notions that we need and the two key facts lead- 
ing to our main theorem in the next section, namely: the existence and uniqueness of the 
conformally equivariant quantization [15] and the classification of the conformally invariant 
operators on the space of symbols [33]. 

2.1. Actions of vector fields. Let M be a smooth manifold. We start with the definitions 
of the algebra T){M) of differential operators on M and of its algebra of symbols S{M). 
The first one is filtered by the subspaces T>k{M) of differential operators of order k, defined 
as the spaces of operators A on C'^{M) satisfying [• • • [^, /o], • • • ], /fc] = for all functions 
/0)---)/fc £ C°°{M). The second one, S{M), is its canonically associated graded algebra, 
defined by S{M) = ®'^=QT>k{M)/T>k-i{M). It identifies to the algebra of functions on T*M 
which are polynomial in the fibers, the grading corresponding to the polynomial degree. The 
canonical projection a^ ■ T)j.{M) — )■ Dfc(M)/D^._i(M) is called the principal symbol map. 

We are interested in the action of the Lie algebra Vect(M) of vector fields on these 
both algebras. The diffeomorphisms of M lift canonically into automorphisms of GL(M), the 
principal bundle of linear frames over M. Consequently, they act canonically on sections of 
every associated bundles to GL(Af ), and their infinitesimal actions induce the one of the Lie 
algebra Vect(M). Hence, we get a Vect(M)-module structure on the space of sections F^ of 
the trivial line bundle |A"T*M|® , with A G M. This is a one parameter deformation of the 
module C°°{M). Indeed, via a global section |vol|, it identifies to the module (C°°(M),£ ), 
with the Vect(M)-action i^ = X+\T>\y{X), the operator Div being the divergence w.r.t. |vol|. 
The elements of J-^ are named tensor densities of weight A, or A-densities for short. Via the 
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adjoint action, it gives rise to the Vect(M)-niodule T) '^ of differential operators from A- to 
//-densities, which identifies to (P(M),/:^'^), with C^ A = t^A - Ai^, for all X G Vect(M) 
and A £ T>(M). This action preserves the filtration of T){M), hence the algebra of symbols 
inherits of a Vect(M)-action compatible with the grading. This action coincides with the 
canonical one on the functions on T*M tensorized with 5-densities, for 6 = fi — X. We denote 
by S the obtained module of symbols and by S^ the submodule of homogeneous symbols of 
degree k. 

2.2. Conformal Lie algebra. A conformal structure on a smooth manifold M is given by 
the equivalence class [g] of a pseudo-Riemannian metric g, where two metrics h and g are 
considered equivalent if /i = Fg for some positive function F G C°°{M). The signature (p, q) 
of the metric g is an invariant of the conformal structure, and to each signature corresponds a 
canonical fiat model (M^''', [t]]), with rj = Ipf^ —Iq. If there exists an atlas (C/j, (pi) on (M, [g]) 
such that the pull-back by every chart (pi of the canonical fiat conformal structure coincides 
with the restriction of [g] to Ui, the conformal manifold (M, [g]) is said to be conformally 
fiat. The vector fields that preserve a conformal class [g] are called conformal Killing vector 
fields, they satisfy Lxg = Fg, with Lxg the Lie derivative of g along X and F a non-negative 
function. They form a sheaf of Lie algebras, and if (M, [g]) is conformally fiat, it is locally 
isomorphic to q = o(p-|- l,q + 1) the conformal Lie algebra of (W''^, [rj]). 

An important example of conformally fiat manifold is S^ x S*?, viewed as a homogeneous 
space ofG = 0{p+l,q+l). Starting from the isometric action of G on the pseudo-Euclidean 
space RP+^'^+^, we get an action of G on the space of isotropic half-lines, which identifies 
naturally to the manifold S^ x S''. Via this construction, the fiat metric on MP+i'<?+i induces 
a conformally fiat structure on S^ x S'', preserved by the G-action. 

2.3. Conformal invariants. Over a conformally fiat manifold (M, [g]) of signature {p,q), a 
conformal invariant is a differential geometric object which is invariant under the action of 
conformal Killing vector fields. First, we provide the classification of the conformal invari- 
ants of the Vect(M)-modules of differential operators V ''^ and of symbols S , see e.g. [35]. 
Using local conformal coordinates (x*), which are such that gij = Frjij for a positive func- 
tion F, this amounts to perform the classification over the fiat space. We can then provide 
explicit local expressions in terms of the local conformal coordinates (x*,pj) on T*M, and 
their corresponding derivatives {di,dp-). 

Proposition 2.3.1. On a conformally flat manifold (M, [g]), the conformal invariants of 
{S )s£E. O'f^d {T>^'^)\^^^T^ are given locally, up to a multiplicative constant, by 

• R'^forkGN and (5 = f , 

• A^ for ken and A = %f , fi = ^^, 

where R = rf-^PiPj, and A = rf^didj is the conformal Laplacian. 

We refer to [22] and references inside for global expressions of the conformal powers of 
the Laplacian. Since the principal symbol map is Vect(M")-equivariant, conformally invariant 



HIGHER SYMMETRIES OF THE LAPLACIAN VIA QUANTIZATION 5 

differential operators give rise to conformally invariant symbols, but the fact that they are 
in correspondence is remarkable. Second, we present the classification of the conformally 
invariant differential operators on the space of symbols, which arises from [20, 4] and is 
explicitly described in [33]. This relies on the harmonic decomposition of the g-module of 
symbols, namely S = ^^ ^gj^ 2s<k '^fc s' where S^ ^ is the submodule of homogeneous symbols 
of degree k of the form P = R^Q with Q a traceless symbol, i.e. TQ = for T = rjijdp.dp. 

Theorem 2.3.2. [33] Let k > 2s and k' > 2s' be integers, and 6,6' G M. The space of 
confornial invariant differential operators: 5^ ^ — )■ S^, ,,,, is either trivial or of dimension 1. 
In the latter case j = ^{6' — 6) is an integer and the space is generated locally by 

• R^'D'^T', ifs'-s=j,k-k' = d-2jand6 = l+ ^^^'"^'"^'^ 

• R^'GlT', ifg + s'-s = j,k-k' = s-s'-jand6 = ^^±7^, 

• R^'CiT', if£ + s'-s = j,k-k' = 2{£- j) and6 = \ + ^, 

where D = didp^ is the divergence operator, Gq is the gradient operator r]^^pidj composed with 
the projection on traceless symbols and Cn is an avatar of i^^ power of Laplacian. 

Global expression for divergence and gradient operators can be find in [13], and we refer 
to [42] for £1. 

2.4. Conformally equivariant quantization. Let A, ;U G M and 6 = n — X. We call quanti- 
zation the linear isomorphisms Q : 5 — )■ V '^ which are right inverse of the principal symbol 
map on homogeneous symbols. If the both Vect(M)-modules of symbols and of differential 
operators are indeed isomorphic as vector spaces by the very definition of symbols, they are 
not as Vect(M)-modules [28, 29]. A natural question is whether they are isomorphic as mod- 
ules over given Lie subalgebras of Vect(M), and whether this extra structure allows to single 
out one quantization. This has been studied in various contexts under the name equivariant 
quantization, and one of the fundamental result is the following. 

Theorem 2.4.1. [15] On a conformally flat manifold, there exists a unique conformally 
equivariant quantization for generic values of 6 = n — X, i.e. a unique Q-module morphism 
Q\,fj. . ^5 _^ 2?A,^ which is the right inverse of the principal symbol map on homogeneous 
symbols. 

The exceptional values of 6 leading to a non-unique or a non-existing conformally equi- 
variant quantization have been classified in [38, 33]. They can be obtained via Theorem 2.3.2 
and the following result. 

Proposition 2.4.2. [33] The conformally equivariant quantization exists and is unique on 
^k s ^/ ^'^'^ '-'''^^y */ there is no conformally invariant differential operators from 5|^ to S . 

In particular 5 = is not an exceptional value. Several works has been devoted to the 
obtention of explicit formulae for the conformally equivariant quantization. Restricting to the 
space S^Q = ^ken'^ko °^ traceless symbols, Radoux [36] has derived an explicit formula in 
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the curved case, i.e. on any manifold endowed with a conformal class of metrics. We give it 
here in the flat case as an example, resorting to the divergence operator D = didp^ and the 
normal ordering M : i-**i'"*'=(x)pi^ " 'Pik '"^ P^'^"'^''{x)di^ • • • di^. 

Proposition 2.4.3. [36] Let 5 <^ {I + ^^~^~"^ | m = 1, . . . , fc}. On the space Sf.^ of traceless 
symbols of degree k, the conformally equivariant quantization is given by 

(2.1) qA,m=AAo(^cJ^,D™), 

\rre=0 / 

with Cn = 1 and ct, = mi ^~™-+"'^ . d i , for m = 1, . . . , /c. 

In the general case, including symbols with non-vanishing trace, fully explicit formulae 
are known only for symbols up to the order 3 in momenta variables p, they are available in 
conformal coordinates [30] as well as in covariant terms [16, 31]. Finally, let us mention that 
Silhan has obtained the expression of the conformally equivariant quantization in the curved 
case on all symbols, resorting to tractor calculus [38]. 

2.5. Conformally equivariant graded star product. Let us start with standard defini- 
tions. The algebra of symbols S^ is commutative and graded, moreover, as a subalgebra 
of C°°(r*M), it carries a Poisson bracket denoted by {•, •}. A graded (or homogeneous) 
star product on S^ is an associative C[[/i]]-linear product -k on S^ ® C\[fi^, with h a formal 
parameter. For P,Q ^ S^ ,ii is of the form P -k Q = XlmeN C^)™ Pm{P, Q) and satisfies: 

(1) B^{P,Q) = PQ, 

(2) Bi{P,Q)-Bi{Q,P) = {P,Q}, 

(3) for all integers k, /, m, B^ '■ S^ ^ Sj^ — ^ S^^i^^ is a bidifferential operator. 

The latter hypothesis does not imply that Bm is a bidifferential operator on 5*^ 05'^, and this 
will indeed not be the case in the following, see [2, 14]. A frequently required extra property 
is the symmetry (or parity) of the star product, namely BmiP,Q) = (— l)™-Bm(Q) -P) for all 
integers m, or equivalently P -kQ = Q-k P, where ~ is the complex conjugation. 

One source of star products on S^ is quantizations. Let us introduce two maps, the linear 
map 9 : 5*^ — )■ iS'^ (X" C[[/i]] defined by (i?i) Id on S^ and the C[[/i]] -linear extension of some 
quantization Q (g) Id : 5° ®C[[h\] -^ V^'^ (g) C[[h]]. Clearly, the composition Q^ = (Q Id) o 3 
gives rise to a graded star product on S^ as the pull back by Qfi of the composition of 
differential operators, i.e. P -k Q = Q^ {Qh{P) ° Qh{Q))- Moreover, for A = g) this star 
product is symmetric iff the quantization satisfies Qh{P) = Qh{P)* for all P G S^ . Here, 
the superscript * denotes the adjoint operation w.r.t. the Hermitian product on complex 
compactly supported half-densities, given by {(p, ip) = jj^ (j)ip. 

The previously defined Hamiltonian action of Vect(M) on the algebra of symbols S^ leads 
to a comoment map X = X^di i— )■ ^x = X^Pi and the action of X G Vect(M) on P ^ S^ reads 
then as {iJ.x,P}- Thanks to the star product on S^, we can define a new action of Vect(M) 
on S^ via the star bracket, i.e. X G Vect(M) acts on P £ S^ by [fix,P]* = fJ-x kc P — P kc fix- 
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The star product is said conformally equivariant (or strongly g-invariant) if both induced 
g- actions coincide, namely [nx,P]* = \h{iJ,x,P} for ell X £ q. 

The star product -kx induced by the conformally equivariant quantization Q'*''^ (see The- 
orem 2.4.1) is obviously a graded g-equivariant star product on S^. Conversely, conditions 
under which a g-equivariant symmetric star product on S^ comes from conformally equivari- 
ant quantization are derived explicitly in [14]. For completeness, let us state a similar but 
weaker result without parity requirement. It will not be use in the following. 

Proposition 2.5.1. Let (M, [g]) be a conformally flat manifold and-k be a graded Q-equivariant 
star product on S^. There exists A € M such that • = •;^, and it is symmetric iff X = ^. 

Proof. The strategy is to show that • comes from some quantization Q, and then to identify 
this quantization with the conformally equivariant quantization Q ' valued in V ' . 

For / a function and X a vector field, we get / * /Ux = ff^x + ''hBiif,X). Working 
locally, in conformal coordinates, the g-equivariance of Bi on 5q (5D Sf implies that it is equal 
to the bidifferential operator Xdi iS" dp. for some A G R. Consequently, we have / • nx = 

ffix + \h\x{f). 

Now, we define the linear map ^ : Vi{M) ^ S^ ® C[[/i]] by the identity on C°°{M) and 
by X I— 7- fix — \hXD\Y{X) on Vect(M). This is a Lie algebra morphism for respectively the 
commutator and the star bracket. Since Div(/X) = /Div(X) -|- X{f), the map ^ is also 
C°°(M)-linear, the action being given by multiplication w.r.t. the composition and the star 
product respectively. Then, ^ can be extended as an algebra morphism between I?(M)(8'C[[/i]] 
and {S^ (^ C[[^]],*). The latter admits an inverse Qf^^, which is clearly a quantization whose 
induced star product is •. Its g-equivariance ensures Qh{{lJ-x,P}) = "o^iQhilJ'x), Qh{P)] for 
all P £ S^ and X £ g. Since QnifJ-x) = 'M^, the underlying map Q is a g-equivariant 
quantization valued in 2?'^'^. By uniqueness statement in Theorem 2.4.1, Q is equal to Q^''^, 
and then -k = -kx- For parity statement see [15]. D 

3. Classification of the higher symmetries of the conformal powers of the 

Laplacian 

The aim of this section is to show how conformally equivariant quantization sheds new 
light on the determination of higher symmetries of conformal Laplacian, initiated by East- 
wood [18] and pursued in [19] and [23] for conformal powers of the Laplacian, in the confor- 
mally fiat case. In all this section we work over a conformally flat manifold (M, [g]) and A^ 
denotes the conformal £^^ power of the Laplacian, pertaining to V^'f^ for values of the weights 
henceforth fixed to A = ^, fi = ^. 

3.1. Definition of higher symmetries of A^. There is a number of different notions of 
symmetries for a differential operator, let us first discuss some of them for A = {rf^didj) 
on the fiat space (]R",r/). The most basic one is given by vector fields X G Vect(M") pre- 
serving the considered operator: [A^, X] = 0. We can broaden this notion by considering 
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rather differential operators D G DiW^) commuting to A . They are cahed higher sym- 
metries, in contradistinction with vector fields which are only first order differential opera- 
tors. Such symmetries preserve obviously the eigenspaces of A^. Here we are interested in 
more general higher symmetries preserving only its kernel. Hence, those inside the left ideal 
(A^) = {PA^I P € D(M"')} are considered trivial. Resorting to conformal coordinates, higher 
symmetries prove to be locally the same on flat and conformally flat manifolds. Global ex- 
istence can nevertheless be problematic in this more general setting, hence all the following 
statements should be understood either locally or in terms of sheaves. 

Definition 3.1.1. Let A = ^, /i = ^ and let A^ G V^'^' be the conformal t^ power of 
the Laplacian on conformally fiat manifod (M, [g]). A higher symmetry of A is a class of 
differential operators [Di] € V^'^ / {A^) , such that A^Di = 02^.^, for some D2 G P'^''^. 

This definition does not depend on the chosen representative since A^(PA^) = (A^P)A^ 
for any differential operator P. We denote by A ' the space of higher symmetries of A . It 
turns to be an algebra that is characterized as the kernel of the conformally invariant map 

QHS : P^'^/(A^) ^ V^'^/{A^) 

(3.1) [D] ^ [A'D] 

Let us mention that the left ideal generated by A can be defined in the modules I? ' for 
any A', and in particular for A' = /i, as the subspace (A^) = {PA^| P G P'^''*' }. 

Example 3.1.2. The higher symmetries of A^ given by first order differential operators are 
the Lie derivatives i^ for X G g, in accordance with Proposition 2.3.1 we have A (!,\ = l^A . 

3.2. Symmetries of the null geodesic flow and generalizations. Using the properties 
of the principal symbol map o", the equality [-D, A] = A A defining higher symmetries of the 
Laplacian implies {a{D),R} = a(A)R, where {•, •} denotes the canonical Poisson bracket on 
T*M. Consequently, the principal symbol of higher symmetries of the Laplacian is a constant 
of motion for the null geodesic flow. The latter are known to be given by conformal Killing 
tensors, which are symmetric tensors and identify to symbols of weight 0. In the following, 
round bracket denotes symmetrization of indices, V the Levi-Civita connection and L is an 
arbitrary tensor. 

Definition 3.2.1. A conformal Killing k-tensor K is defined equivalently as 

• A symmetric traceless tensor of order k s.t. V(jgi^j^...j^) = 5(ion-^J2---ifc)' 

• A traceless symbol of degree k satisfying {R, K} = fR for some function f, 

• A traceless symbol of degree k in the kernel of Gq . 

For k = 1, we recover the notion of conformal Killing vectors. The conformal Killing 
tensors of higher orders correspond to transformations of the phase space T*M not preserving 

2_ 

the configuration manifold M. Resorting to Theorem 2.3.2, the operator Gq : 5^g — t- 5^i x q 
is conformally invariant for every k, and this is the only one on S^q. Hence, the space of 
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conformal Killing tensors of a given order is an indecomposable representation space of g. 
Furthermore, this space happens to be finite dimensional, see e.g. [13] and references inside. 
The semi-simplicity of g allows then to conclude that the space of conformal Killing tensors 
of a given order is an irreducible representation of g. We can generalize this picture to tensors 
(or symbols) with trace, using the conformal invariance of Gq*^ -^* °^^ '^k s- ^^^ following 
definition is due to Nikitin and Prilipko [34]. 

Definition 3.2.2. A s-generalized conformal Killing k-tensor K is defined equivalently as 

• A symmetric traceless tensor of order {k-2s) s.t. V(ig • • • ^iisKi^^+^.-i^) = 5(ion^i2-ifc)' 

• A symbol in S^ ^ which is in the kernel of Gq T*. 

Note that we use the multiplication by the symbol R'^ to pass from the first to the second 
assertion in the definition above, and we apply the operator T'^ for the opposite way. Again, 
the space of s-generalized conformal Killing tensors of order k is an irreducible representation 
of g [23] . We denote this subspace of 5^ ^ by /Cfe,s and we introduce the spaces of classical higher 
symmetries K,^ = 0^=0 ^*.s' '^ith /C*^s = ®k>2s^k,s, as well as their limit K, = ©s£n/C*,s- 

3.3. From classical to quantum symmetries. Gover and Silhan have proved that the two 
types of symmetries defined in the two previous paragraphs are in bijection [23]. We propose 
a completely different and far less technical proof, showing that the latter correspondence is 
given by equivariant quantization. We assume that ^ G N*, A = ^ — and ^ = "^ . 

Theorem 3.3.1. The conformally equivariant quantization descends to an isomorphism of q- 
modules Q'*'''** : /C^ — t- A^'^, identifying higher symmetries of A^ with s-generalized conformal 
Killing tensor for s < £. Moreover, every P G /C satisfies /S.^Q^'^[P) = Q'^''^(P)A^. 

Proof. The uniqueness of the conformally equivariant quantization leads to the following fac- 
torization Q^'^ {PR^) = Q^^'^ (P)A^, for any symbol P and any A' G M. Consequently, we 
get an isomorphism of g-modules on the quotient spaces Q^'^ : ©^=0'^*"* '*' ~^ V^'^ /(^^)) 
where Sl g = ®k&i^k s- ^^ keep notation Q ' in the latter case for simplicity. 

The idea of the proof is to use the conformally equivariant quantization to identify the 
kernel A^'^ of the operator QHS, see (3.1), to the one of an operator CHS on symbols. The 
latter is determined such that the following diagram of g-modules is commutative 



Q' 



Q' 



©s=o •^*,s prr^ — ^ ©s=o "^ " 



CHS 



The quantization Q ' always exists but not Q^'^. Let us suppose first that n is odd 
or 3£ < § -|- 1. Then Q■^'^^ exists and the operator CHS is well-defined and conformally 
invariant. Resorting to the classification given in Theorem 2.3.2, it is necessarily equal on S^ ^ 
to R^~^~^Grf~^ T*, up to a multiplicative constant. This constant can not be zero since QHS 



10 J.-P. MICHEL 

does not vanish on the image of S^ g. Hence, by Definition 3.2.2, the kernel of QHS is isomor- 
phic to the space /C of s-generaUzed conformal Kilhng tensors for < s < ^. Now, we can 
define on D'*''^ a new conformally invariant operator QHSg : D i— ;■ A^D— Q'^''^o(Q^'''*)~^(Z))A^, 
and via the commutative diagram 



Q' 



Q 



X,fjb 



50 ^5v 

we get a non- vanishing conformahy invariant operator on S^ g for every s. According to 
Theorem 2.3.2, it is proportional to CHS if s < ^ — 1 and this is the null operator else. We 
conclude that, in particular, A'=Q^'^(P) = Q^''^'{P)^'^ for any P G /C. 

Let us now treat the general case. We resort to the principal symbol map to define a 
conformally invariant operator on symbols via the following commutative diagram 

(3.2) vl^'/{^^) ^"' : pi;7(A^) 



21 



CO ^ C n 

fc,s CHS,, ^' ' 

where A;' G N is taken as small as possible, so that CHSo- does not vanish. The principal 
symbol map is not an isomorphism, hence, a priori, we just get that the space Q ' (ker CHSo-) 
contains the kernel of QHS. If £ is big enough and k small enough to avoid negative exponents. 
Theorem 2.3.2 leads now to two possibilities: CHSo- is proportional to R^^'^^'^G^^ T^ or to 
i? 2"£^_l_nT''. We restrict then diagram (3.2) to these kernels and get a principal symbol 

ak», with k" a strictly smaller integer than k' , but the possible invariant operators are still 
the same. Then, the kernel of QHS corresponds to either the one of R^~^~^Gq^ T* or the 
one of R 2 C/^^rT^ . The intersection does not occur as the kernel of the first operator is 

irreducible. Besides, the kernel of the second operator is infinite dimensional. But the kernel 
of QHS is an algebra, and for k high enough ak{A ' ) is the kernel of i? Gq* T^, which 

is finite dimensional. In conclusion, CHSo- is proportional to R Gq'^^ T^ on any S^ ^ and 

we get the desired correspondence in the general case. D 

Remark 3.3.2. For A = ^^^, classical and quantum symmetries for the equations of motion 
of a free massless particle correspond to each other via Q^'^: {i?, K^ oc R <;=^ [A, Q^'^{Ky\ = 
AA. 

Remark 3.3.3. We can obtain explicit expressions for the higher symmetries of IS.^ via the 
formulae for the conformally equivariant quantization given in [38], and in (2.1) for i = 1. 
Eastwood proposed in [18] a generalization of the formulae giving higher symmetries of the 
Laplacian in the curved case, but quoting him "it is difficult to say whether they are symmetry 
operators of the conformal Laplacian ". Resorting to results of Silhan [38] , our method lead also 
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to a formula for higher symmetries of any conformal powers of the Laplacian in the curved 
case. This is a work in progress to determine whether they are indeed symmetry operators. 

4. Algebras of symmetries: geometric realizations and deformations 

The aim of this section is to provide geometric interpretations to the algebras of classical 
and quantum symmetries, as well as identifying the star product induced by the composition 
of quantum symmetries. In all this section we work over a conformally flat manifold (M, [g]). 

4.1. Algebras of symmetries are generated by g. Let us give a brief reminder on uni- 
versal enveloping algebra il(0) and symmetric algebra 8(0) of an arbitrary Lie algebra g. 
From the tensor algebra of g, they inherit respectively a filtration {iiki5)}k ^ind a gradu- 
ation S(g) = ©fcSfc(g) such that gril(g) ~ S(g). Consequently, the canonical projections 
^kid) -^ ^kiQ)/^k-ii9) define a principal symbol map, whose right inverses are called quan- 
tization of S(g). The symmetrization map Sym : S(g) — )■ il(g) defined by 

Sym : Xi^---Xi^^ — ^ X^(i^) • • • X^(i^) 

■ TG6fe 

is known to define a g-equivariant quantization of S(g) for the canonical extensions of the 
adjoint action of g to S(g) and il(g). Any other g-equivariant quantization is then of the form 
<l> = Sym o (^, with (/) = Id + N and N a g-equivariant map on S(g) lowering the degree. 
Analogously to the case of symbols, a g-equivariant graded star product •$ can be obtained 
on S(g), as the pull-back of the product on il(g) C[[h]] by the map $s, = (<ll> (X" Id) o S, 
where 3= : S(g) — )■ S(g) C[[/i]] is the linear map defined by (i^)'^Id on Sfc(g). Denoting by 
r and 7 the anti-automorphisms of il(g) and S(g) defined by —Id on g, the symmetry of the 
star product on S(g) is equivalent to ^fi(j) = r o <I>;^,(-), or simply $ o -y = r o <I). 

We return to the case g = o(p-|- l,q+l). Via the defining universal properties of the both 
algebras S(g) and il(g), the pull-back defined by the moment map fi* : g ^ S^ and the Lie 
derivative i : g ^ V^' extend to algebra morphisms /i* : S(g) — )■ S^ and i : il(g) — )• V ' . 

Theorem 4.1.1. Let A G M. The space K, of classical symmetries is equal to the algebra 
/i*(S(g)) ~ S(g)//, with I a graded ideal ofS{g). Its image by the conformally equivariant 
quantization, namely A''^ := Q'^'''*(/C), is an algebra satisfying A'^ = ^'*'(il(g)) ~ ii{g)/J'^, with 
J^ a filtered ideal such that gr J'^ ~ /. The star product -kx induced by Q'*'''** on S^ restricts 
then to a g-equivariant graded star product on /C. 

Moreover, the conformally equivariant quantization of K, lifts to a g-equivariant quanti- 
zation <I> o/S(g), such that the following diagram commutes 

(4.1) S(g) ^^^H(g) 



/C ^A 



A 
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Proof. We start with proving /C = /i*(S(g)). Since they are g-modules, this amounts to prove 
Ai*(S(g)) n Sl^ = ICk,s for all k,s. Let i £ N*. The space A^''^ is a subalgebra of P-^'^/(A^) 
and the principal symbol map commutes with the product, so we get that /C^ is a subalgebra 
of Pol(T*W^)/{R^). Hence, /C is a subalgebra of Pol(r*M"), which contains the algebra 
^*(S(g)) generated by the conformal Killing vector fields, in particular fi*{S{Q)) CiS^ ^ C K-k^s 
for all k, s. Using the elements generated by constant Killing vector fields, we get that 
//*(S(0)) n 5^j, is non-empty and since IC^^s is irreducible, we are done. As fx* respects the 
grading, its kernel / is a graded ideal. 

Now, we prove that A = £ (il(0)). By semi-simplicity of g, its finite dimensional 
representations are reducible. In particular, for any fc, /C n 5^ can be viewed as a submodule 
of S/fc(g), leading to the decomposition S(g) ~ /C©/ of the symmetric algebra. In other words, 
/i* admits a g-equivariant section. Using the embedding of ^'^(il(g)) into V^'^, we get then 
the following diagram of g-modules 



Sym 




£^(il(g)) 



Each arrow in the latter diagram is g-equivariant and preserves the principal symbol. Hence, 
uniqueness of Q ' implies that it is commutative, proving A = ^ (il(g)). Since £ preserves 
the filtration, its kernel J is filtered. Using the commutativity of the following diagram. 



ilfc(0) 



SA:(g) 



^A^r\V 



A,A 



^k, 



where the vertical arrows denote principal symbol maps, we get that gr J^ 
We have proved S(g) ~ /C © /, and along the same line we get il(g) - 



= /. 

A^ 



Using 



again the semi-simplicity of g, the isomorphism J^ / J^_i — Ik leads to J^ ~ /^ © •jj.^i- 
Thus, it exists an isomorphism of g-modules between / and J^, inverse to the symbol map. 
Together with the previous decomposition of S(g) and il(g), this ensures the existence of the 
quantization <I>^ and the commutativity of the diagram (4.1). D 

The proof shows that K-k^s = ^*(S(g)) H 5^^. Thus, the s-generalized conformal Killing 
A;-tensors are algebraically generated from the conformal Killing vectors, i.e. they are all 
reducible over a conformally flat manifold. This widely generalizes a result in [37], stating the 
reducibility of second order conformal Killing tensors on conformally flat manifolds. 
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Corollary 4.1.2. Let £ € N* and A = "^^ ■ ^^^ following diagram of Q-modules is commu- 
tative 

(4.2) /C — A^ 

The algebra of s -generalized conformal Killing tensors, for s < £, satisfies K,^ ~ 8(0)//^, with 
I the ideal generated by I and {^*)~^ {R ) , and the algebra of higher symmetries of A satisfies 
^A,£ ^ il(g)/J^'^ with J^'^ the ideal generated by J^ and {£^)^^{A^). The star product -kx 
projects accordingly onto K, , defining there a graded g-equivariant star product. 

Proof By definition /C^ = /C/(i?^) and by Theorem 3.3.1 we have Q^'^(/C^) = A^'^. Adding 
that R G fi*{S{g)) and Q ' {{R )) = (A ), we get the announced commutative diagram. The 
remaining results trivially follow. D 

4.2. A family of coadjoint orbits of 0(p + 1, g + 1). We restrict in this paragraph to the 
case where M is the homogeneous space S^ x S^ of the conformal group G = 0(p+l,g + l). 
The latter acts linearly and in a Hamiltonian way on T*M.p^^''^^^, and forms a Howe dual pair 
with SL(2,M), its centralizer in the symplectic linear group Sp(2n + 2,M). More precisely, 
they form a symplectic dual pair in the sense of [3]. Denoting their moment maps by 

/i : T*MP+i'^+i -^ Q* and J : T*M.P+^''i+^ -^ sl(2, R)*, 

the symplectic reduction of T*M.p^^''^^^ w.r.t. SL(2,]R) for different regular values of the mo- 
ment map J gives rise to (finite coverings of) all the coadjoint orbits in the image of /x. 
We rather describe them as symplectic reductions at w.r.t. Lie subgroups of SL(2,M) gen- 
erated by the flow of Hamiltonian functions in J*(S(sl(2,R))V i.e. polynomial functions in 
x^ = 7]abx'^x^, xp = x^pA and p^ = r] PaPb, where {x ,pa) are cartesian coordinates 
on T*RP+i'^+i. For example, the Casimir elements of g and sl(2,]R) in C°°(T*RP+'^'1+'^) are 
equal to C = (xp)"^ — x'^p^ and C/4 respectively, if we define the Killing form by the map 
{X,Y) I— 7- 2Tr(p(X)/9(y)) with p their standard representation. 

We denote by (/i, . . . , fj^) the Lie group generated by the flow of Hamiltonian functions 
/i, • • • , A G C°°(T*MP+i''?+i) and by T*EP+1'«+V/ (/i, • • • , /fc) the corresponding symplectic 
quotient at 0. If those functions are linearly closed under the Poisson bracket, the latter 
space is then the quotient of the zero locus of /i, . . . , /^ by their Hamiltonian flows. By the 
Marsden-Weinstein theorem, this quotient space is a symplectic manifold if is a regular 
value of the involved Hamiltonian functions. E.g., we have 

(4.3) T* (RP+i'^+i \ {0}) // (xp, x2) ~ T*M. 

Notice that T*M splits in three stable submanifolds under the Hamiltonian G-action, ac- 
cording to the sign of the norm of the covectors, with straightforward notations: T*M = 
T^M U T^M U r*M. 
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Theorem 4.2.1. Let p,q > I, n > 3 and P{a,j3) he the space of planes in RP+i'^+i of 

signature (a, /?). The coadjoint orbits of G in the image of fi are classified along four families: 

(1) the one parameter family of semi-simple orbits 0^+ and O^- for a G M^ such that 

T*RP+i'«+V/ {xp, C -a) ^ Oa+ U Oa- = ^ P(2, 0) U P(0, 2), 

(2) the one parameter family of semi-simple orbits Oa for a G W_ such that 

T*MP+i'«+V/ {xp, C -a) ^ Oa ^ P(l, 1), 

(3) the two nilpotent orbits Oq+ and Oq- such that 

TIM U TIM ^ Oq+ U Co- ^ P(l, 0) U P(0, 1), 

(4) The minimal nilpotent orbit Oqo such that 

{T*M \ M)// {R) Ooo ^^^ P{0, 0). 

All the arrows denote G-equivariant coverings, whose fibers are indicated as superscript. The 
first ones are symplectomorphisms. 

Proof. Through the G-modules isomorphisms hP'W^^''^^^ — — 0*, coadjoint orbits are 
identified to G-orbits in the space of bivectors, endowed with the natural G-action. The 
moment map /x is then given by T*W^^''^^^ 3 {u,v) ^ u f\ v, and valued in the space of 
simple bivectors Bv = {u Av\u,v £ IRP+^''?+^}. Our key tool is the G-equivariant projection 
of Bv on the Grassmannian Gr(2,n + 2) of planes in MP+-'^''^+-'^. This is encompass in the 
following sequence of G-spaces: 

(4.4) T*]RP+i''?+i ^^^^'^^ ^ Bv ^ Gr(2, n + 2) U {0}, 

where the superscripts denote the fibers of the coverings over Gr(2,n + 2). The moment 
map preserves the Poisson structure, hence a G-stable submanifold of T*W^^''^^^ projects 
onto coadjoint orbits of G, which themselves project onto G-orbits of Gr(2,n + 2) U {0}. 
Thanks to the Witt Theorem, the latter are known to be {0} and the 6 spaces P{a, (3) of 
planes of given signature (a, /3) for the induced metric. E.g., the G-stable embedding of 
T^M U T*M into T*W^^''^^^ projects onto coadjoint orbits, which project onto the orbits 
P(l, 0) U P(0, 1) in Gr(2, n -\- 2). The fibers of these two projections are easily computed. In 
the three other cases, the zero locus of the given Hamiltonian functions have the announced 
images in Gr(2,n + 2). Their Hamiltonian flows act only in the fibers of /U, so the map n 
descends to the symplectic quotients. The fibers are proved to reduce to Z2, resorting to the 
explicit expressions of the one parameter groups generated by xp, G and R. Namely, they 
respectively are {u, v) 1— )■ {tu, t^^v), {u, v) ^^ {u-\- {tv'^)v, v — {tu^)u) and {u, v) ^^ {u-\- tv, v) 
for t G M*. We end with the four sequences (1), (2), (3), and (4). There, a unique coadjoint 
orbit lies over each orbit in Gr(2,n -|- 2), since the action of the group G is transitive in the 
fibers of each arrow. For a proof of the minimality of Oqo we refer to [41]. D 
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The two last points in the latter theorem combine, according to Cordani [12], to provide 
a conformal regularization by T*M of the cone Oq+ U Oqo U Oq- , with singularity in Oqo- 

Remark 4.2.2. The used symplectic reductions of T*W^^''^^^ correspond clearly to sym- 
plectic reduction w.r.t. SL(2,]R) at, respectively, the points {0,^/a,±^/a), {0,—y'\a\,—y'\a\), 
(0,0, zba) and (0,0,0). Hence, we obtain a bijection between the coadjoints orbits o/SL(2,M) 
and the ones in the image of fi, in accordance with [3]. 

Now, we determine the algebra of regular functions on each coadjoint orbit of G in the 
image of /i. Using ambient description, we have g ~ A^M^"'"^''^"'"^, that we represent by the 
following Young diagram g. Accordingly, elementary representation theory of the orthogonal 
Lie algebra leads to 



(4.5) 



:0 



- 


- 


ffi 




and 




- 


= 




- 



®^o 



In the second decomposition, the index denotes the trace free part, and the three components 
correspond to IC2fi, /C2,i and the one-dimensional space generated by the Casimir element 
in 82(0), still denoted by C. The extra term in the decomposition of g g is generated by 
exterior products in AM*'^"'^''^^"'^ of elements of g. 

C°°(T*M*'+i'«+i) by the moment map 



Lemma 4.2.3. The kernel of the pull-back fi* : S(g) 
of g is the ideal generated by 



Proof. Since elements of g are skew-symmetric 2-tensors V on 



tp+i,g+i 



the map n* is 

explicitly given by Y^^-'-^^D = xa- • • xqV pB' ' 'PD, and vanishes then on tensors 

yAB---CD ^\^-^^\^ g^j.g skew-symmetric in any 3 indices. Hence, ;U*(Sfe(g)) is a submodule of the 
one given by the Young diagram with 2 lines and k columns. They turn to be equal. Indeed, 
the irreducible components of the latter Young diagram correspond via ^* to product of pure 
trace and traceless tensors, clearly none of them is in the kernel. 

Let X G B0ffl- By definition, its skew-symmetrization over 3 indices pertaining 

to ABCD or CDEF vanishes. Then, straightforward computations prove that so is it over 
any 3 indices in ABCDEF, i.e. 00 3 = |-|-H - The same holds for Young diagrams of greater 
length, and we finally get that the algebra ;U*(S(g)), or the one of two lines Young diagrams, 
is isomorphic to S(g)/ ( ; ) . D 



Proposition 4.2.4. Let a G M and Xa = \[C — a\M. © ; ) . The algebras of regular functions 
are given by S(g)/Xa on 0^(±), and S(g)/Xoo on Oqo, with Xqo = (cdo) +Xo- Moreover, the 
algebras of regular functions on Oq± and Oqo o^re isomorphic to K. and K} respectively. 

Proof. According to (4.3), we get that T|(RP+1'^+i \ {0})// {xp, C) is a Z2-covering of T^M. 
Thus, each coadjoint orbit of G in the image of ^ is finitely covered by a symplectic reduction 
of T*M^+^'''+^ and its algebra of regular functions is isomorphic to the corresponding reduction 
of ;U*(S(g)). The reduction w.r.t. xp modifies only the fibers of jjl and the Casimir G Poisson 
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commutes with all elements in /i*(S(g)), so that reduction w.r.t. {xp,C — a) amounts to 
modding out by (C — a). This gives the result for the orbits 0^(±) for every a € M. By 
Theorem 4.1.1, the algebra /C is generated by q. The isomorphism /C ~ S(0)/Xo follows then 
from the local diffeomorphism between T^M and Oq±. 

Resorting to Theorem 4.2.1, the coadjoint orbit Oqo is locally diffeomorphic to the sym- 
plectic quotient {T*M \ M)// (R), i.e. to the quotient of the submanifold T^M \ M of null 
covectors by the Hamiltonian flow of R. Thus, the algebra of regular functions on Ooo arises 
as a reduction of /C. Since {R,IC} C (R), this reduced algebra is IC/{R), which is isomorphic 
to /Ci. As R £ /C2,i is the pull-back of an element in nno, we finally obtain Xqo. □ 

Remark 4.2.5. The kernellQ of fi* : S{q) — )■ C°°(T*M) is generated as an ideal and g-niodule 
by the two relations XijXj^i — Xi^Xji + XnXj^ = and Vj'^^ Xij^X^ + 2Xq — 2r]^^XiXj = (i.e. 
fj,*C = 0) on T*M , where we use the following notation for the generators of q: Xi = pi, 
Xij = XiPj — XjPi, Xq = x^pi and Xi = x^XjPi — 2x^x^pj. 

4.3. The Joseph ideal. We return now to a general conformally flat manifold (M, [g]), and 
use notation of Paragraph 4.1, in particular /C ~ 8(0)// and K} ~ 8(0)//^. The algebraic 
description of these symmetry algebras obtained in Proposition 4.2.4 are of local nature and 
thus carry on over (M, [g]). Hence, the ideals 1,1^ identify to Xq,Xqq. We compute now the 
corresponding ideals J^ and J^'^ in il(0), which deflne the algebras A^ and A^'^ . Recall 
that we deflne the Killing form by 2Tr(Xy), for every X, y G 0. The corresponding Casimir 
operator C in il(0) is given by the symmetrization of the Casimir element C in 8(0). 

Proposition 4.3.1. For every A G M, the ideals J^ are equal to (8ym(^) © [C — /9(A)]M), 
where C is the Casimir operator of g and p{X) = n^A(l — A) its eigenvalue on X-densities. 
For A = ^, J^'^ = (8ym(mo)) + J^ is the Joseph ideal. 

Proof. Since the graded ideal associated to J is /, we deduce that J is also quadratic and 
resorting to Theorem 4.1.1, we have Jg = <!> (I2) with $ = Sym o cp'^. The map (p being 
0-equivariant, the space (j) {I2) is a g-submodule of R © © 82(0). Hence, Jg is generated 
by Sym ( ^ J and the Casimir operator C of 11(0), modifled by some real number. Since this 

element projects onto on V^'^, this real number is necessarily the eigenvalue of £^{0) on A- 
densities. The latter has been computed in [15], where the opposite Killing form is used. The 
formula giving J^'^ is trivially deduced from Corollary 4.1.2. Thanks to Theorem 3.3.1, we 
have the isomorphism of algebras gril(0)/J'^'"'^ ~ 8(0)//"'^. This implies that J^'^ is completely 
prime and its characteristic variety is the closure of the minimal nilpotent coadjoint orbit of 
G. These properties characterize the Joseph ideal [24]. D 

The identiflcation of the Joseph ideal in the context of the higher symmetries of the 
Laplacian was already noticed in [17, 39], but via the concordance of explicit expressions, 
rather than from its characteristic properties. From the latter proposition, the ideals J^'^ 
associated to symmetries of A^ are straightforwardly deduced as they are generated by J^ 
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and {£^)~^{A^). The latter corresponds to the Young diagram i I---I I q of length 2£. The 
determination of those ideals has been already performed in the context of higher symmetries 
of A in [18, 19, 23], but in different terms. Let us make clear the link between the two 
approaches. We denote by (•, •) the chosen Killing form and C the associated Casimir element 
in S(g). In the previous works, the projections of XqY £ 000 on each irreducible component 
are used. Following 00g = go©™o©IK©:, we have XqY = XMY + X»Y + ^^C + XAY. 

Then, the ideal J^ is clearly generated by Sym Q^.'^' (C — p(A)) + X AY) for X, y G g or 
equivalent ly by 

Sym(X QY-XmY-X*Y+ -^^ {X, Y) ) , 

2 dim ' 

which is the obtained expression in [18, 19, 23], modulo the extra generator associated to R^. 

4.4. Quantization of a family of coadjoint orbits of G. We have described the algebras 
of regular functions on the coadjoint orbits of G in the image of /j, as quotients S(0)/X for 
various ideals I. We perform now their deformation quantization, which should arise from 
quantization-like maps S(0)/X — )■ ii{Q)/J', for ideals J' to be defined. This means to find 
deformations of the Poisson algebra 8(0) which restrict to coadjoint orbits, and this is in 
general not trivial. Thus, for a semi-simple Lie algebra, Cahen, Gutt and Rawnsley have 
proved the non-existence of a star product on C°°{q*) tangent to each coadjoint orbit [9]. Here, 
for the graded algebras /C and /C^, such a quantization map is provided by the conformally 
equivariant quantization, we have proved that it induces a graded 0-equivariant star-product 
on them and determines the corresponding ideals J'. As the remaining algebras S{Q)/Za 
for a 7^ are only filtered, this direct approach fails and we resort to the following Lemma. 

Lemma 4.4.1. Let a £ M. There exists a Q-equivariant linear map (/>„ = Id -|- Na on 8(0), 
such that Na lowers the degree and (f)a(Ia) = Xq, hence S{Q)/Ia — /C. 



Proof. We know that 8(0) ~ / © /C and / = (C) + ( ; I ■ Resorting to the semi-simplicity of 
and the filtration of X^ = (C — a) -|- ( ^ J , we get that 8(0) ~ X^ + 8(0)/Xa and (C — a) admits 

a 0-stable complement in X^. The map (pa defined by by j=^Id on [G — a) and the identity 
on a 0-stable complementary space satisfies the required properties. D 

Theorem 4.4.2. There exists a family of Q-equivariant quantizations (^a)a,AeR 0/8(0) such 
that: (i) it lifts {Q.^''^)\^t^ to 8(0) for a = 0, (ii) it induces a family of symmetric g-invariant 
star products on the coadjoint orbits 0^{±) for a G M, (Hi) if a = and A = ^^^, it induces 
the unique graded Q-equivariant star-product on Oqq, introduced by Arnal-Benhamor- Cahen 
[1] and Astashkevich-Brylinski [2]. 

Proof. The Theorem 4.1.1 ensures the existence of a 0-equivariant quantization ^x of 8(0) 
lifting Q ' for every A G M. The lift property is equivalent to <!>(/) = J . We define then the 
family of 0-equivariant quantizations ^^ — ^"^ ° (/^a, where (pa is introduced in Lemma 4.4.1. 
It can be chosen such that 15^0 = Id, so (i) is trivially satisfied. The Lemma 4.4.1 ensures 
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that $^(Xa) is an ideal and a g-module, hence the g-invariant star product -k^\ on S(g), 
induced by $^, descends on the quotient S{Q)/Ia- We recall that •^a is symmetric if $^ 
satisfies r o $^ = $^ o 7. Redefining $^ by ^{^a + ''" ° ^a ° 7) ^^^^ i^ trivially the case, and 
the quantization $q is still a lift of Q ' by uniqueness of the latter. This proves (ii). The 
last point follows then from Corollary 4.1.2, Proposition 4.2.4 and the uniqueness result in 
[1, 2]. D 

Remark 4.4.3. For two distinct coadjoint orbits, the star products obtained above do not 
coincide in general. This is reminiscent to the work of Fioresi and Lledo [21], dealing with 
star products tangential to semi-simple coadjoint orbits of semi-simple Lie groups. 

Quantization of a coadjoint orbit of a Lie group is more usually understood as building 
an irreducible unitary representation of this group from that orbit. Since the Hamiltonian 
G-action on T*{'SP x E^) preserves its vertical polarization, the Kirillov's orbit method [25] 
applies to the coadjoint orbits Oq±. It leads to the unitary representation of G onto the pre- 
Hilbert space of compactly supported half-densities on §^ x S"^, endowed with its canonical 
Hermitian product (</>, ip) = Jj^ (f)ip. The corresponding infinitesimal action of the Lie algebra 
g by Lie derivative extends to a deformed representation of the whole Poisson algebra /C of 
regular functions on Oq±, via the conformally equivariant quantization Qa'S. 

In contradistinction, the minimal coadjoint orbit cannot be quantize via the orbit method 
as it admits no G-invariant polarization. This key fact is proved in [40] and stems from the 
following result of [6]: g = o(p + 1, g + 1) can be identified to a Lie subalgebra of polynomial 
vector fields on M™ iff tti > p-\-q. The following proposition shows how conformally equivariant 
quantization provides a supplement to the orbit method for the minimal nilpotent orbit. 

Proposition 4.4.4. Let A = ^^^^- The algebra K} of conformal Killing tensors on 'EP x S"? 
identifies to the one of regular functions on the minimal coadjoint orbit Ooo- I'^s conformally 
equivariant quantization Q^'^{K}) ~ it(g)/J'*''^ is the algebra of higher symmetries of the 
conformal Laplacian on W x S^, which acts faithfully on its kernel. Moreover, J'^'^ is the 
Joseph ideal. 

Proof. Since the Joseph ideal is a maximal primitive ideal, the action of Q ' (/C^) ~ A '^ on 
the kernel of A is trivial or faithful, hence it is faithful. D 

In particular, the infinitesimal action of g on harmonic functions is given by the Lie 
derivative of ^^^-densities and the kernel of the induced representation of il(g) is the Joseph 
ideal. This result dates back to [5] and was so far the only link between the minimal coadjoint 
orbit of G and its minimal representation, which integrates the one of g on ker A. 
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